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at
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�
n
d
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B
r
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f
H
isto
r
y
o
f
P
i

2000
B
C
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B
abylon
ian
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�
=
3:125.
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B
C
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H
eb
rew
s
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K
in
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�
=
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250
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A
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�
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P
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�
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C
h
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n
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C
h
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�
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iete

�
�
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ew
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�
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16
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ach
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�
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d
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laces

1767

L
am
b
ert
an
d
L
egen
d
re

P
roved
�
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irration
al

1874

S
h
an
ks

�
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d
ecim
al
p
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1882

L
in
d
em
an
n

P
roved
�
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tran
scen
d
ental

1961

S
h
an
ks
an
d
W
ren
ch

�
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100,000
d
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al
p
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1973

G
u
illou
d
an
d
B
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yer

�
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on
e
m
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d
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p
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B
rent
an
d
S
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in

Q
u
ad
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convergent
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m
for
�

1986

B
orw
ein
s

Q
u
artically
(fou
rth
ord
er)
convergent
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m
for
�

1989

C
hu
d
n
ovskys

�
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on
e
b
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d
ecim
al
p
laces

1997

3
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ors

A
lgorith
m
for
com
p
u
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g
n
-th
h
exad
ecim
al
d
igit
of
�
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3
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H
exad
ecim
al
d
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of
�
startin
g
at
10
b
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d
igit

1999

K
an
ad
a
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d
T
am
u
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�
to
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b
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d
ecim
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p
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P
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H
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N
o
r
m
a
lity

T
h
e
real
nu
m
b
er
�
is
n
o
rm
a
l
to
b
ase
b
if
every
sequ
en
ce
of
k
con
secu
tive
d
igits

in
th
e
b
ase-b
exp
an
sion
of
�
ap
p
ears
w
ith
lim
itin
g
frequ
en
cy
b
�

k.
W
e
say
th
at

�
is
a
bso
lu
tely
n
o
rm
a
l
if
�
is
n
orm
al
to
every
integer
b
ase
b�
2.

W
id
ely
b
elieved
to
b
e
ab
solu
tely
n
orm
al:

�
�
an
d
e

�
log
2
an
d p
2

�
th
e
gold
en
m
ean
�
=
(1
+
p

5)=2

�
every
irration
al
algeb
raic
nu
m
b
er

�
m
any
oth
er
\n
atu
ral"
irration
al
con
stants

B
u
t
th
ere
are
n
o
p
roofs
|

n
ot
for
any
of
th
ese
con
stants,
n
ot
for
any
b
ase.

E
ven
a
w
eaker
\d
igit-d
en
se"
p
rop
erty
h
as
n
ot
b
een
estab
lish
ed
for
any
of
th
ese

con
stants.
N
orm
ality
p
roofs
exist
on
ly
for
arti�
cally
con
stru
cted
con
stants
su
ch

as
0.1234567891011121314...
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T
w
o
Q
u
e
stio
n
s

1.
L
et
x
0
=
0,
an
d

x
n
=

0B@2x
n
�

1
+
1n
1CA

m
od
1

Is
(x
n )
equ
id
istrib
u
ted
in
[0;1)?

2.
L
et
x
0
=
0
an
d

x
n

=
0BB@ 16x

n
�

1
+

120n
2�
89n
+
16

512n
4�
1024n
3
+
712n
2�
206n
+
21

1CCA
m
od
1

Is
(x
n )
equ
id
istrib
u
ted
in
[0;1)?
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C
o
n
se
q
u
e
n
c
e
s

If
an
sw
er
to
Q
u
estion
1
is
\yes",
th
en
log
2
is
n
orm
al
to
b
ase
2.

If
an
sw
er
to
Q
u
estion
2
is
\yes",
th
en
�
is
n
orm
al
to
b
ase
16
(an
d
h
en
ce
to
b
ase

2
also).
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H
y
p
o
th
e
sis
A

D
en
ote
by
r
n
=
p(n
)=q(n
)
a
ration
al-p
olyn
om
ialfu
n
ction
,0�
d
eg(p)
<
d
eg(q).

L
et
b
b
e
an
integer,
b�
2
an
d
set
x
0
=
0.
T
h
en
th
e
sequ
en
ce

x
n

=
(bx
n
�

1
+
r
n )
m
od
1

eith
er
h
as
a
�
n
ite
attractor
or
is
equ
id
istrib
u
ted
in
[0;1).

T
h
e
o
r
e
m

1
:
A
ssu
m
in
g
H
yp
oth
esis
A
,
each
of
th
e
con
stants
�
;
log
2;
�
(3)

is
n
orm
al
to
b
ase
2.
A
lso,
on
H
yp
oth
esis
A
,
if
�
(5)
is
irration
al
th
en
it
likew
ise

is
n
orm
al
to
b
ase
2.

T
h
is
list
of
con
stants
is
m
erely
rep
resentative
|
nu
m
erou
s
oth
er
con
stants
cou
ld

also
b
e
listed
h
ere.
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B
a
c
k
g
r
o
u
n
d
:
A

N
e
w

F
o
r
m
u
la
fo
r
P
i

T
h
is
form
u
la
w
as
fou
n
d
in
1997
by
a
com
p
u
ter
p
rogram
,
u
sin
g
th
e
P
S
L
Q
integer

relation
algorith
m
:

�
=

1Xk
=
0

116
k

0B@

4
8k
+
1 �

2
8k
+
4 �

1
8k
+
5 �

1
8k
+
6

1CA

T
h
is
form
u
la
m
ay
b
e
u
sed
to
com
p
u
te
th
e
n
-th
h
exad
ecim
al
(or
b
in
ary)
d
igit

of
�
,
w
ith
ou
t
com
p
u
tin
g
any
of
th
e
�
rst
n�
1
d
igits.

H
ere
is
a
form
u
la
of
th
is
sam
e
typ
e
for
log
2:

log
2
=

1Xk
=
1

1k
2
k

A
lth
ou
gh
th
is
form
u
la
h
as
b
een
kn
ow
n
for
centu
ries,
th
e
con
n
ection
to
com
p
u
t-

in
g
in
d
ivid
u
al
b
in
ary
d
igits
of
log
2
w
as
on
ly
very
recently
d
iscovered
.
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T
h
e
B
B
P
A
lg
o
r
ith
m

fo
r
C
o
m
p
u
tin
g
In
d
iv
id
u
a
l
H
e
x
D
ig
its
o
f
P
i

L
et
S
1
b
e
th
e
�rst
of
th
e
fou
r
su
m
s
in
th
e
form
u
la
for
�
.

(16
nS

1 )
m
od
1
=

0B@
1Xk

=
0

16
n�
k

8k
+
1 1CA
m
od
1
=

0B@
nXk

=
0

16
n�
k

8k
+
1
+

1X
k
=
n
+
1

16
n�
k

8k
+
1 1CA
m
od
1

=

0B@
nXk

=
0

16
n�
k

m
od
8k
+
1

8k
+
1

+

1X
k
=
n
+
1

16
n�
k

8k
+
1 1CA
m
od
1

1.
C
om
p
u
te
each
nu
m
erator
of
each
term
in
th
e
�rst
su
m
u
sin
g
th
e
b
in
ary
algorith
m
for

exp
on
entiation
,
red
u
cin
g
each
p
rod
u
ct
m
od
u
lo
8k
+
1.

2.
D
ivid
e
each
nu
m
erator
by
its
resp
ective
8k
+
1.

3.
S
u
m
th
e
term
s
of
th
e
�rst
series,
d
iscard
in
g
integer
p
arts.

4.
C
om
p
u
te
th
e
secon
d
su
m
(ju
st
a
few
term
s
are
n
eed
ed
).

5.
A
d
d
th
e
tw
o
su
m
resu
lts,
again
d
iscard
in
g
th
e
integer
p
art.

6.
R
ep
eat
for
S
1 ;
S
2 ;
S
3 ;
S
4 ,
an
d
calcu
late
4S
1 �
2S
2 �
S
3 �
S
4 .

7.
T
h
e
resu
ltin
g
fraction
,
w
h
en
exp
ressed
in
h
exad
ecim
al
form
at,
gives
th
e
�rst
few
h
ex
d
igits

of
�
b
egin
n
in
g
at
p
osition
n
+
1.

O
rd
in
ary
64-b
it
or
128-b
it

oatin
g-p
oint
arith
m
etic
su
Æ
ces
for
th
ese
op
eration
s
|

m
u
ltip
le

p
recision
arith
m
etic
softw
are
is
n
o
t
requ
ired
.
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S
o
m
e
C
o
m
p
u
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n
a
l
R
e
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lts

H
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D
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�

P
osition

S
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g
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P
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8
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E
C
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8
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0
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2
1
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2
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10
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8
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8
9
5
5
8
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A
0
4
2
8
B

10
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9
2
1
C
7
3
C
6
8
3
8
F
B
2

10
11

9
C
3
8
1
8
7
2
D
2
7
5
9
6

1:25�
10
12

0
7
E
4
5
7
3
3
C
C
7
9
0
B

T
h
an
ks
to
F
ab
rice
B
ellard
of
F
ran
ce
an
d
C
olin
P
ercival
of
C
an
ad
a.

1
0



S
o
m
e
O
th
e
r
C
o
n
sta
n
ts
w
ith
B
a
se
2
B
B
P
-T
y
p
e
F
o
r
m
u
la
s

log
3
=

1Xk
=
0

1

4
k(2k
+
1)

log
7
=

34
1Xk

=
0

18
k

0@

2
8k
+
1
+

1
8k
+
2 1A

�
2

=

18
1Xk

=
0

164
k

0B@

144

(6k
+
1)
2 �

216

(6k
+
2)
2 �

72

(6k
+
3)
2 �

54

(6k
+
4)
2
+

9

(6k
+
5)
2 1CA

log
2
2
=

16
1Xk

=
0

116
k

0B@

16

(8k
+
1)
2 �

40

(8k
+
2)
2 �

8

(8k
+
3)
2 �

28

(8k
+
4)
2

�

4

(8k
+
5)
2 �

10

(8k
+
6)
2
+

2

(8k
+
7)
2 �

3

(8k
+
8)
2 1CA

�
2�
6
log
2
2
=

12
1Xk

=
1

1
k
22
k

� p
3
=

932
1Xk

=
0

164
k

0@

16

6k
+
1 �

8
6k
+
2 �

2
6k
+
4 �

1
6k
+
5 1A

1
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A

B
a
se
2
B
B
P
-T
y
p
e
F
o
r
m
u
la
fo
r
�
(3)

�(3)
=

1Xk
=
1

1
4096
k

p(k
)

q(k
)

w
h
ere78

p(m
)

q(m
)
=

1

2
(1
+
8
m
)
3

+

1

4
(2
+
8
m
)
3

�

1

16
(3
+
8
m
)
3

�

1

16
(4
+
8
m
)
3

�

1

128
(5
+
8
m
)
3

+

1

256
(6
+
8
m
)
3

+

1

1024
(7
+
8
m
)
3

+

3

(1
+
24
m
)
3

�

21

(2
+
24
m
)
3

�

3

2
(3
+
24
m
)
3

+

15

(4
+
24
m
)
3

�

3

4
(5
+
24
m
)
3

�

21

4
(6
+
24
m
)
3

+

3

8
(7
+
24
m
)
3

+

3

16
(9
+
24
m
)
3

�

21

16
(10
+
24
m
)
3

�

3

32
(11
+
24
m
)
3

+

15

16
(12
+
24
m
)
3

�

3

64
(13
+
24
m
)
3

�

21

64
(14
+
24
m
)
3

+

3

128
(15
+
24
m
)
3

+

3

256
(17
+
24
m
)
3

�

21

256
(18
+
24
m
)
3

�

3

512
(19
+
24
m
)
3

+

15

256
(20
+
24
m
)
3

�

3

1024
(21
+
24
m
)
3

�

21

1024
(22
+
24
m
)
3

+

3

2048
(23
+
24
m
)
3 :

A
sim
ilar,
b
u
t
even
m
ore
com
p
licated
,
form
u
la
exists
for
�(5).

1
2



S
o
m
e
B
a
se
3
B
B
P
-T
y
p
e
F
o
r
m
u
la
s

log
2
=

227
1Xk

=
0

181
k

0@

9
4k
+
1
+

1
4k
+
3 1A

=

1Xn
=
0

1

9
n(2n�
1)

�
2

=

227
1Xk

=
0 0B@

243

(12k
+
1)
2 �

405

(12k
+
2)
2 �

81

(12k
+
4)
2 �

27

(12k
+
5)
2

�

72

(12k
+
6)
2 �

9

(12k
+
7)
2 �

9

(12k
+
8)
2 �

5

(12k
+
10)
2
+

1

(12k
+
11)
2 1CA

6 p
3
tan
�
1
0B@ p

37
1CA

=

1Xk
=
0

127
k

0@

3
3k
+
1
+

1
3k
+
2 1A

A

B
a
se
5
B
B
P
-T
y
p
e
F
o
r
m
u
la

252
log

0BBB@
781

256
0B@

57�
5 p
5

57
+
5 p
5

1CA
p

5 1CCCA
=

1Xk
=
0

15
5
k

0@

5
5k
+
2
+

1
5k
+
3 1A

1
3



S
o
m
e
B
a
se
1
0
B
B
P
-T
y
p
e
F
o
r
m
u
la
s

log
0@

910 1A
=

�
1Xk

=
1

1
k
10
k

log
0@

1111111111

387420489
1A

=

10 �
8

Xk
=
0

1
10
1
0
k

0B@

10
8

10k
+
1
+

10
7

10k
+
2
+
:::+

1

10k
+
9 1CA

cos �
1(9=10)

p
19

=

1Xk
=
1

D
k�
1

k
10
k
;

w
h
ere
in
th
e
last
lin
e,
D
k
satisfy
th
e
recu
rsion
D
0
=
D
1
=
1;
D
k
+
1
=
D
k �

5D
k
�

1 .

Is
T
h
e
r
e
a
B
a
se
1
0
B
B
P
-T
y
p
e
F
o
r
m
u
la
fo
r
P
i?

N
on
e
is
kn
ow
n
.
In
fact,
n
o
B
B
P
-typ
e
form
u
la
is
kn
ow
n
for
�
excep
t
in
b
ase
16

(w
h
ich
can
b
e
u
sed
to
com
p
u
te
d
igits
in
any
p
ow
er-of-tw
o
b
ase).
In
th
is
sen
se

16
can
b
e
th
ou
ght
of
as
th
e
\n
atu
ral"
b
ase
for
�
.

1
4



D
o
A
ll
B
B
P
-T
y
p
e
F
o
r
m
u
la
s
G
iv
e
Ir
r
a
tio
n
a
l
C
o
n
sta
n
ts?

N
o.
E
xam
p
les:

1
=

1Xk
=
1 0@

2k �
1

k
+
1 1A

(a
telescop
in
g
su
m
)

0
=

1Xk
=
0

116
k

0@
�
8

8k
+
1
+

8
8k
+
2
+

4
8k
+
3
+

8
8k
+
5
+

2
8k
+
6 �

1
8k
+
7 1A

0
=

1Xk
=
0

1
4096
k

0@
�
256

24k
+
5
+

256

24k
+
6
+

128

24k
+
7
+

128

24k
+
9
+

�
128

24k
+
10

+

�
64

24k
+
11
+

�
64

24k
+
12
+

�
16

24k
+
14
+

24

24k
+
16
+

4

24k
+
17
+

�
4

24k
+
18

+

�
2

24k
+
19
+

�
2

24k
+
20
+

�
2

24k
+
21
+

�
3

24k
+
22
+

1

24k
+
23 1A

F
u
rth
er,
by
tran
slatin
g
th
e
in
d
ices
of
su
m
m
ation
in
any
of
th
ese
su
m
s,an
in
�
n
ite

class
of
n
o
n
zero
su
m
s
can
also
b
e
p
rod
u
ced
.
S
equ
en
ces
corresp
on
d
in
g
to
th
ese

form
u
las
exh
ib
it
�
n
ite
attractors,
n
ot
equ
id
istrib
u
tion
.

1
5



S
o
m
e
B
a
sic
L
e
m
m
a
s

T
h
e
n
otationf
xg
d
en
otes
th
e
fraction
al
p
art
of
x
,
i.e.
x
m
od
1.

1.
A
nu
m
b
er
x
is
n
orm
alto
b
ase
b
i�
th
e
sequ
en
ce
(fb
dxg
:
d
=
1;2;3;:::)
is
equ
id
istrib
u
ted
.

2.
A
ssu
m
e
x
is
n
orm
al
to
b
ase
b,
an
d
d
en
ote
by
r
a
n
on
zero
ration
al
nu
m
b
er.
T
h
en
rx
is

n
orm
al
to
b
ase
b;
m
oreover
x
is
also
n
orm
al
to
any
b
ase
c
=
b
r.

3.
A
ssu
m
e
a
sequ
en
ce
(t
n )
h
as
th
e
p
rop
erty
th
at
t
n

!
C
as
n
!
1
.
T
h
en
a
sequ
en
ce

(f
x
n

+
t
n g)
in
[0;1)
is
equ
id
istrib
u
ted
i�
(x
n )
is.

4.
A
ssu
m
e
a
sequ
en
ce
(t
n )
h
as
th
e
p
rop
erty
th
at
t
n

!
C
as
n
!
1
.
T
h
en
a
sequ
en
ce

(f
x
n

+
t
n g)
in
[0;1)
h
as
a
�n
ite
attractor
i�
(x
n )
d
oes.

5.
L
et
�
b
e
real
an
d
b�
2
b
e
an
integer.
If
th
e
sequ
en
ce
x
=
(fb
n�g)
h
as
a
�n
ite
attractor

W
,
th
en
W

is
a
p
eriod
ic
attactor,
an
d
each
w
i 2
W

is
ration
al.

6.
If
th
e
sequ
en
ce
(x
n )
as
d
e�n
ed
for
H
yp
oth
esis
A
h
as
a
�n
ite
attractor
W
,
th
en
W

is
a

p
eriod
ic
attractor,
an
d
each
attractor
p
oint
is
ration
al.

7.
T
h
e
sequ
en
ce
(fb
n�g)
h
as
a
�n
ite
attractor
i�
�
is
ration
al.

1
6



B
a
sic
T
h
e
o
r
e
m

T
h
e
o
r
e
m

2
.
F
or
a
sequ
en
ce
x
=
(x
n )
as
d
e�
n
ed
in
H
yp
oth
esis
A
,
d
e�
n
e
a

real
nu
m
b
er
�
via
a
gen
eralized
p
olylogarith
m
series:

�
=

1Xk
=
1

1b
k

p(k
)

q(k
) :

T
h
en
�
is
ration
al
i�
x
h
as
a
�
n
ite
(p
eriod
ic)
attractor.

P
r
o
o
f:
F
rom
L
em
m
a
6
w
e
kn
ow
th
at
th
e
sequ
en
ce
(fb
n�g
)
h
as
a
p
eriod
ic

attractor
i�
�
is
ration
al.
F
ollow
in
g
th
e
B
B
P
strategy,
w
e
can
w
rite

fb
n�g
=

0BB@
nXk

=
1

b
n
�

kp(k
)

q(k
)

+

1X
k
=
n
+
1

b
n
�

kp(k
)

q(k
)

1CCA
m
od
1

=
(x
n
+
t
n )
m
od
1

w
h
ere
x
satis�
es
th
e
recu
rsion
x
0
=
0,
an
d

x
n

=
bx
n
�

1
+
p(n
)

q(n
) ;

P
rovid
ed
th
at
d
eg
p
<
d
eg
q
as
in
H
yp
oth
esis
A
,
w
e
h
ave
t
n !
0.
H
en
ce
it

follow
s
from
L
em
m
a
4
th
at
(x
n )
h
as
a
p
eriod
ic
attractor
i�
�
is
ration
al.

1
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P
r
o
o
f
o
f
T
h
e
o
r
e
m

1

T
h
e
o
r
e
m

1
:
A
ssu
m
in
g
H
yp
oth
esis
A
,
each
of
th
e
con
stants
�
;
log
2;
�
(3)

is
n
orm
al
to
b
ase
2.
A
lso,
on
H
yp
oth
esis
A
,
if
�
(5)
is
irration
al
th
en
it
likew
ise

is
n
orm
al
to
b
ase
2.

P
r
o
o
f.
E
ach
of
th
e
con
stants
�
;
log
2;
�
(3)
is
kn
ow
n
to
b
e
irration
al.
B
ase
2

B
B
P
-typ
e
form
u
las
are
kn
ow
n
for
each
.
H
en
ce
by
T
h
eorem
2,
th
eir
associated

sequ
en
ces
d
o
n
ot
h
ave
p
eriod
ic
attractors.
T
hu
s,
assu
m
in
g
H
yp
oth
esis
A
,
th
eir

associated
sequ
en
ces
are
equ
id
istrib
u
ted
,
so
th
at
th
ey
are
n
orm
al
to
b
ase
2.

1
8



A
n
Illu
str
a
tio
n
o
f
T
h
e
o
r
e
m

1

R
ecall
th
at

log
2
=

1Xk
=
1

1k
2
k

L
et
�
n
b
e
th
e
b
in
ary
exp
an
sion
of
log
2
after
n
d
igits.
T
h
en
w
e
can
w
rite

�
n

=
f
2
n
log
2g
=

1Xk
=
1

2
n
�

k
k

m
od
1

=
0BB@

nXk
=
1

2
n
�

k
m
od
k

k

m
od
1
+

1X
k
=
n
+
1

2
n
�

k
k

1CCA
m
od
1

=
(x
n
+
t
n )
m
od
1

w
h
ere
t
n !
0,
an
d
x
n
satis�
es
th
e
recu
rsion
x
0
=
0,

x
n

=
2x
n
+
1n

log
2
is
kn
ow
n
to
b
e
irration
al.
T
hu
s
if
H
yp
oth
esis
A
cou
ld
b
e
estab
lish
,
it
w
ou
ld

follow
th
at
(x
n )
is
equ
id
istrib
u
ted
,
an
d
th
at
log
2
is
n
orm
al.

1
9



C
a
n
W
e
R
e
la
x
th
e
C
o
n
d
itio
n
s
o
f
H
y
p
o
th
e
sis
A
?

1.
H
yp
oth
esis
A
requ
ires
th
at
x
0
=
0
(or
at
least
som
e
ration
alvalu
e).
C
on
sid
er

th
e
sequ
en
ce
associated
w
ith
log
2,
n
am
ely

x
n

=
2x
n
�

1
+
1n

m
od
1

w
ith
x
0
=
1�
log
2
in
stead
of0.
T
h
e
resu
ltin
g
sequ
en
ce
is
n
o
t
equ
id
istrib
u
ted

|
in
fact,
it
converges
to
zero.

2.
H
yp
oth
esis
A
requ
ires
th
at
th
e
p
ertu
rb
ation
term
r
n
b
e
th
e
qu
otient
of
tw
o

p
olyn
om
ials.
S
u
p
p
ose
w
e
w
ere
to
allow
exp
ression
s
su
ch
as
r
n

=
1=2
n
2
�

n.

In
th
is
case
th
e
associated
con
stant
is

�
=

1Xn
=
1

12
n
2

w
h
ich
is
clearly
irration
al,
b
u
t
n
o
t
n
orm
al
to
b
ase
2.

2
0



A

C
u
r
io
u
s
P
h
e
n
o
m
e
n
o
n
in
th
e
P
i
Ite
r
a
tio
n

C
on
sid
er
th
e
b
in
ary
sequ
en
ce
y
k
=
b2x
k c,
w
h
ere
x
k
is
th
e
iteration
for
log
2:

x
k

=
(2x
k
�

1
+
1k

)
m
od
1

T
h
e
sequ
en
ce
(y
k )
agrees
w
ell
w
ith
th
e
tru
e
b
in
ary
d
igits
of
log
2
|

�
fteen
of

th
e
�
rst
200
d
igits
are
in
correct,
b
u
t
on
ly
on
e
in
th
e
ran
ge
5000
{
8000.

N
ow
con
sid
er
let
y
k
=
b16x
k c,
w
h
ere
x
k
is
th
e
iteration
for
�
:

x
k

=
0BB@ 16x

k
�

1
+

120k
2�
89k
+
16

512k
4�
1024k
3
+
712k
2�
206k
+
21

1CCA
m
od
1

In
th
is
case,
th
e
h
ex
sequ
en
ce
(y
k )
ap
p
ears
to
agree
exa
ctly
w
ith
th
e
tru
e
h
ex

d
igits
of
�
|
th
ere
are
n
o
errors
in
th
e
�
rst
100,000
d
igits.

2
1



A

C
o
n
n
e
c
tio
n
to
P
se
u
d
o
r
a
n
d
o
m

N
u
m
b
e
r
G
e
n
e
r
a
to
r
s

C
on
sid
er
th
e
can
on
ical
case
�
=
log
2.
O
n
e
can
w
rite

f
2
d�g
=

0BB@ 2
d
�

1
m
od
1

1

+
2
d
�

2
m
od
2

2

+
���
+
1d

+
t
d 1CCA
m
od
1

N
ow
�
x
an
integer
D
,
an
d
con
sid
er
th
is
iteration
:

R
(D
;k
)
=

0BB@ 2
k
�

1
m
od
1

1

+
2
k
�

2
m
od
2

2

+
+
���
+
2
k
�

D

m
od
D

D

1CCA
m
od
1:

A
s
k
ad
van
ces,
th
is
is
a
su
m
of
n
orm
alized
lin
ear
con
gru
ential
p
seu
d
oran
d
om

nu
m
b
er
gen
erators.

Q
u
estion
:
W
h
at
is
th
e
p
eriod
of
th
is
typ
e
of
\cascad
ed
"
p
seu
d
oran
d
om
nu
m
b
er

gen
erator?
E
m
p
irical
stu
d
ies
su
ggest
it
in
creases
exp
on
entially
w
ith
D
,
b
u
t
w
e

h
ave
n
o
rigorou
s
resu
lts.
M
ore
research
is
n
eed
ed
h
ere.

2
2



O
p
e
n
Q
u
e
stio
n
s

�
Is
th
ere
a
n
atu
ral
gen
eralization
p
ertu
rb
ation
fu
n
ction
r
n
in
H
yp
oth
esis
A
?

�
C
an
w
e
ap
p
ly
m
ore
of
th
e
th
eory
of
ergod
ic
system
s
an
d
ch
aotic-d
yn
am
ic

m
ap
s
to
th
ese
qu
estion
s?

�
C
an
w
e
d
evelop
a
m
ore
com
p
lete
th
eory
of
th
e
sp
ecial
in
stan
ces
in
w
h
ich
a

gen
eralized
p
olylogarith
m
series
h
as
a
ration
al
su
m
?

�
C
an
w
e
m
ake
m
ore
in
road
s
into
th
e
th
eory
of
cascad
ed
lin
ear
con
gru
ential

p
seu
d
oran
d
om
nu
m
b
er
gen
erators?

�
C
an
w
e
ob
tain
form
alb
ou
n
d
s
on
th
e
len
gth
s
of
p
eriod
s
p
rod
u
ced
by
cascad
ed

p
seu
d
oran
d
om
nu
m
b
er
gen
erators?

�
C
an
w
e
d
eal
w
ith
algeb
raic
irration
als
(su
ch
as p
2
an
d
th
e
gold
en
m
ean
�
)

in
th
is
th
eory?

2
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F
o
r
F
u
ll
D
e
ta
ils

S
ee
th
e
m
anu
scrip
t
\O
n
th
e
R
an
d
om
C
h
aracter
of
F
u
n
d
am
ental
C
on
stant
E
x-

p
an
sion
s",
w
h
ich
is
availab
le
from
eith
er
of
ou
r
w
eb
sites

h
t
t
p
:
/
/
w
w
w
.
n
e
r
s
c
.
g
o
v
/
~
d
h
b
a
i
l
e
y

h
t
t
p
:
/
/
w
w
w
.
p
e
r
f
s
c
i
.
c
o
m

A
secon
d
p
ap
er,
\R
an
d
om
G
en
erators
an
d
N
orm
al
N
u
m
b
ers",
w
ill
b
e
availab
le

soon
from
th
ese
sam
e
w
eb
sites.
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